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Chapter 23: Gauss’ Law 


Gauss’ Law | A.R AR 


surface 


Field line 
Figure 23-1 Electric field vectors and field 
lines pierce an imaginary, spherical 
Gaussian surface that encloses a particle 
with charge +Q. 


(total flux). 
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Figure 23-2 Now the enclosed particle has 


charge +20. 
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Gauss Low 4- d E. dh 


be Iene 


(D = d E. dA (net flux). 


€o = enc (Gauss' law). 
=> 


Ey E-dA = enc  (Gauss’ law). 
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Figure 23-20 A thin, uniformly charged, 
spherical shell with total charge¢q}in cross 


section. Two Gaussian surfaces Sy and S, - 
are also shown in cross section. Surface S, (8 
encloses the shell, and S, encloses only the 


charge is 12 


Gaussian 
surface 
p 
l q ENEE 
E= —|; (spherical distribution, field at r = R). 
(a) 4764 I= 
Gaussian 
surface 
charge enclosed by 
sphere of radius r full charge 
volume enclosed by full volume 
sphere of radius r 
The flux through the 
surface depends on g 
only the enclosed E = | ———>z lP (uniform charge, field at r = R). 
charge. N d Aacht 


9 A shell of uniform charge attracts or repels a charged particle that is outside the 


Ly C — 
4 empty interior of the shell. d ò 6 
r $27 E- dA 
E = T (spherical shell, field at r = R). = 
4 TEQ 14 
E =0_ (spherical shell, field at r < R), 
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shell as if all the shell’s charge were concentrated at the center of the shell. 
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°7 A particle of charge 1.8 uC is at the center of a Gaussian cube 
55 cm on edge. What is the net electric flux through the surface? 


°7 A particle of charge 1.8 uC is at the center of a Gaussian cube 
55 cm on edge. What is the net electric flux through the surface? 


7. We use Gauss’ law: €,;2 =q , where O is the total flux through the cube surface and q 
is the net charge inside the cube. Thus, 


6 
gc EE Kosio m/e) 
e 8.85x10" C?/N-m 
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sei? Figure 23-36 shows two non- y 
conducting spherical shells fixed in 
place. Shell 1 has uniform surface 
charge density +6.0 wC/m? on its 
outer surface and radius 3.0 cm; 
shell 2 has uniform surface charge 
density .+4.0 uC/m? on its outer 
surface and radius 2.0 cm; the shell ect 
centers are separated by L = 10 cm. Wi 
In unit-vector notation, what is the 

net electric field at x = 2.0 cm? Figure 23-36 Problem 12. 
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ee12 Figure 23-36 shows two non- 
conducting spherical shells fixed in 
place. Shell 1 has uniform surface 
charge density +6.0 wC/m? on its 
outer surface and radius 3.0 cm; 
shell 2 has uniform surface charge 
density +4.0 uC/m? on its outer 
surface and radius 2.0 cm; the shell 
centers are separated by L = 10 cm. 
In unit-vector notation, what is the 
net electric field at x = 2.0 cm? Figure 23-36 Problem 12. 


C> e» 


12. We note that only the smaller shell contributes a (nonzero) field at the designated 
point, since the point is inside the radius of the large sphere (and E = 0 inside of a 
spherical charge), and the field points toward t irection. Thus, with R = 0.020 m 
(the radius of the smaller shell), L = 0.10 m and x =6-620 m, we obtain 


= < Aber, > R’o, + 
— ANE F dL Y) See) 


` (0.020 m)*(4.0x10* C/m?) dä (2 3410“ N CH 
(8.85x107 C?/N-m2)(0.10 m—0.020 m) | ^ d 
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eo 
tk oss Tene °20 © Flux and conducting shells. A charged particle is held at the 
< P center of two concentric conducting spherical shells. Figure 23-39a 
wel, = io” shows a cross section. Figure 23-39b gives the net flux ® through a 
F VID" xe. | | , 7 
Shex Gaussian sphere centered on the particle, as a function of the radius r 


f the sphere. The scale of the vertical axis is set by D, = 5.0 X 
0° N-m?/C. What are (a) the charge of the central particle and the 


net charges of (b) shell A and (c) shell B? 
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+20 GB Flux and conducting shells. A charged particle is held at the 
center of two concentric conducting spherical shells. Figure 23-39a 
shows a cross section. Figure 23-39b gives the net flux ® through a 
Gaussian sphere centered on the particle, as a function of the radius r 
of the sphere. The scale of the vertical axis is set by ®, = 5.0 X 
10° N-m?/C. What are (a) the charge of the central particle and the 
net charges of (b) shell A and (c) shell B? 


B = P, 
A žo r 
Z 
= -®, 
e 
-20 


(a) (hb) 
Figure 23-39 Problem 20. 
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20. Equation 23-6 (Gauss’ law) gives £5D = ene. 


(a) The value © =—9.0x10° N-m?/C for small r leads to central = — 7.97 x 10°C or 
roughly — 8.0 uC. 


(b) The next (nonzero) value that ® takes is ® =+4.0x10° N-m’/C, which implies 
das =3-54x10°C. But we have already accounted for some of that charge in part (a), so 


the result is 
qA = Yenc — central = 11.5 x 196 212 uC . 


(c) Finally, the large r value for D is @®=-—2.0x10° N-m’/C, which implies 


Fora ene = 1-77 X10 °C. Considering what we have already found, then the result is 


qiotalene — YA — Geen! = —5.3 UC. 
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a section of a conducting roof ra- ~e. 
dius R, = 1.30 mm and I oth L = 


11.00 m inside a thin- falled coax- 
ial conducting cylindrikal shell of 
radius R, = 10.0R, andithe (same) 
length L. The net EE the rod 
is O, = +3.40 X 1072 G; that on 
the shell is Q, = —2. 000. What 
are the (a) nag ie an &b) di- 
rection (radially inward or Outs 
ward) of the electric field at radial 
distance r = 2.00R,? What are re (c) 


5.00R,7 What is the charge on the (e) ir interior and (f) exterior sur- 
face of the shell? 


Tene = Weg TRA, = Qi 2G ER) AM y + Ce) 


-2Q; 
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-L D 
«29 SEH" www Figure 23-42 is 
a section of a conducting rod of ra- 
dius R, = 1.30 mm and length L = 
11.00 m inside a thin-walled coax- 
ial conducting cylindrical shell of 
radius R, = 10.0R, and the (same) | 
length L. The net charge on the rod RN 
is O, = +3.40 X 10°" C; that on 
the shell is Q, = —2.00Q,. What 
are the (a) magnitude E and (b) di- 
rection (radially inward or out- 
ward) of the electric field at radial 
distance r = 2.00R,? What are (c) E and (d) the direction at r = 
5.00R;? What is the charge on the (e) interior and (f) exterior sur- 
face of the shell? 


E=o 


~ oso 


Figure 23-42 Problem 29. 
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29. THINK The charge densities of both the conducting cylinder and the shell are 
uniform, and we neglect fringing effect. Symmetry can be used to show that the electric 
field is radial, both between the cylinder and the shell and outside the shell. It is zero, of 
course, inside the cylinder and inside the shell. 


EXPRESS We take the Gaussian surface to be a cylinder of length L, coaxial with the 
given cylinders and of radius r. The flux through this surface is D = 2nrLE, where Eis 


the magnitude of the field at the Gaussian surface. We may ignore any flux through the 
ends. Gauss’ law yields d = EP =2zre,LE, where gene is the charge enclosed by the 


Gaussian surface. 


ANALYZE (a) In this case, we take the radius of our Gaussian cylinder to be 
r =2.00R, = 20.0R, =(20.0)(1.3x10° m) =2.6x10° m. 


The charge enclosed is 
dene = Or+0> = -Q1 = -3.40x10"*C. 


Consequently, Gauss’ law yields 
— -12 
E= =_= T a =-—0.214 N/C, 
2neLr 27(8.85x10“ C/N-m')(11.0 m)(2.60x10 "mi 


mae 


or | £|=0.214 N/C. 
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°29 SSM WWW Figure 23-42 is 
a section of a conducting rod of ra- 
dius R, = 1.30 mm and length L = 
11.00 m inside a thin-walled coax- 
ial conducting cylindrical shell of 
radius R, = 10.0R, and the (same) 
length L. The net charge on the rod 
is O, = +3.40 X 10°" C; that on 
the shell is Q, = —2.00Q,. What 
are the (a) magnitude EF and (b) di- 
rection (radially inward or out- 
ward) of the electric field at radial 


distance 7 = 2.00R,? What are (c) E and (d) the direction at r = 
5.00R,? What is the charge on the (e) interior and (f) exterior sur- 


face of the shell? 


Figure 23-42 Problem 29. 


(b) The negative sign in E indicates that the field points inward. 


(c) Next, for r = 5.00 Rj, the charge enclosed by the Gaussian surface is dene = O, = 
3.40x10-'* C. Consequently, Gauss’ law yields 2zre,LE = qa, Of 


-fæ _ 3.40x10“ C 


= =s = 0.855 NIC. 
2ne,Lr 22(8.85x10" C*/N-m’)(11.0 m)(5.00x1.30x10*m) 


(d) The positive sign indicates that the field points outward. 


(e) We consider a cylindrical Gaussian surface whose radius places it within the shell 
itself. The electric field is zero at all points on the surface since any field within a 
conducting material would lead to current flow (and thus to a situation other than the 
electrostatic ones being considered here), so the total electric flux through the Gaussian 
surface is zero and the net charge within it is zero (by Gauss’ law). Since the central rod 
has charge Ou, the inner surface of the shell must have charge Qin = —Q, =—3.40x10"'7 C. 


(f) Since the shell is known to have total charge Q2 = —2.00Q), it must have charge Qou = 
Q2- Qin = —Q) = —3.40x IO TC on its outer surface. 


LEARN Cylindrical symmetry of the system allows us to apply Gauss’ law to the 
problem. Since electric field is zero inside the conducting shell, by Gauss’ law, any net 
charge must be distributed on the surfaces of the shells. 
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°30 In Fig. 23-43, short sections of 
two very long parallel lines of 
charge are shown, fixed in place, 
separated by L = 8.0 cm. The uni- 
form linear charge densities are 
+6.0 wC/m for line 1 and —2.0 
„Cim for line 2. Where along the x 
axis shown is the net electric field 
from the two lines zero? 


Line 1 Line 2 


L/2 | 1/2 
Figure 23-43 Problem 30. 


°30 In Fig. 23-43, short sections of 


2 

two very long parallel lines of 
charge are shown, fixed in place, Line 1 Line 2 
separated by L = 8.0 cm. The uni- 
form linear charge densities are x 
+6.0 uC/m for line 1 and —2.0 
„Cim for line 2. Where along the x — 

L/2 | L/2 


axis shown is the net electric field 
from the two lines zero? Figure 23-43 Problem 30. 


30. We reason that point P (the point on the x axis where the net electric field is zero) 
cannot be between the lines of charge (since their charges have opposite sign). We 
reason further that P is not to the left of “line 1” since its magnitude of charge (per unit 
length) exceeds that of “line 2”; thus, we look in the region to the right of “line 2” for P. 
Using Eq. 23-12, we have 
Ea =E +E, Se . 
4re(x+L/2) 4re,(x-L/2) 


Setting this equal to zero and solving for x we find 


=8.0 cm. 


EE cm 


Ą+4,)2 \6.0uC/m+(-2.0uC/m)) 2 
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+39 SSM In Fig. 23-49, a small, nonconducting Së 
ball of mass m = 1.0 mg and charge q = 2.0 X 0 

10 TC (distributed uniformly through ifs-vol- V 
ume) hangs from an insulating thread that makes 5 
an angle 0= 30° with a vertical, unitė 4 
charged nonconducting sheet (shown in cross = 4 

tion). Considering the gravitational force@n t | 

ball and assuming the sheet extends far yery | 


A 
Ze av 
and into and out of the page, calculate the sur aech | q 
. | Fee LS 
charge density o of the sheet. 4 


wi 
Tho 30 = mg KM TA Lan "rs 
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ee39 SSM In Fig. 23-49, a small, nonconducting 
ball of mass m = 1.0 mg and charge q = 2.0 X 
10 °C (distributed uniformly through its vol- 
ume) hangs from an insulating thread that makes 
an angle 0= 30° with a vertical, uniformly 
charged nonconducting sheet (shown in cross sec- 
tion). Considering the gravitational force on the 
ball and assuming the sheet extends far vertically 
and into and out of the page, calculate the surface 
charge density ø of the sheet. 
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39. THINK Since the non-conducting charged ball is in equilibrium with the non- 
conducting charged sheet (see Fig. 23-49), both the vertical and horizontal components of 
the net force on the ball must be zero. 


EXPRESS The forces acting on the ball are shown in the diagram T 
to the right. The gravitational force has magnitude mg, where m is 
the mass of the ball; the electrical force has magnitude qE, where q 
is the charge on the ball and E is the magnitude of the electric field 
at the position of the ball; and the tension in the thread is denoted 
by T. The electric field produced by the plate is normal to the plate 
and points to the right. Since the ball is positively charged, the 
electric force on it also points to the right. The tension, in the thread 
makes the angle @ (= 30°) with the vertical. crane ball is in 


equilibrium the net force on it vanishes. The sum of the horizontal components yields 
qE -T sin 0=0 

and the sum of the vertical components yields 
Tcos0-mg =0. 


We solve for the electric field E and deduce o, the charge density of the sheet, from E = 
o/2& (see Eq. 23-13). 


ee39 SSM In Fig. 23-49, a small, nonconducting 
ball of mass m = 1.0 mg and charge q = 2.0 X 
1078 C (distributed uniformly through its vol- 
ume) hangs from an insulating thread that makes 
an angle 0= 30“ with a vertical, uniformly 
charged nonconducting sheet (shown in cross sec- 
tion). Considering the gravitational force on the 
ball and assuming the sheet extends far vertically 
and into and out of the page, calculate the surface 
charge density ø of the sheet. 
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ANALYZE The expression 7 = gE/sin 0, from the first equation, is substituted into the 
second to obtain gE = mg tan 0. The electric field produced by a large uniform sheet of 
charge is given by E = 0/2¢0, so 
cae mg tan 0 
26, 
and we have 
2e,mgtan@  2(8.85x107 C?/N-m’)(1.0x10% kg)(9.8 m/s’ han 30° 
oO = -—_ = —- OO SSS —_ 
g 2.0x10* C 


=5.0x10° C/m’. 


LEARN Since both the sheet and the ball are positively charged, the force between them 
is repulsive. This is balanced by the horizontal component of the tension in the thread. 
The angle the thread makes with the vertical direction increases with the charge density 
of the sheet. 


Chapter 24: Electric Potential 


È v), 


= = —— (electric potential). 
do do 


1 volt = 1 joule per coulomb. 


I N/C = IS LA ( 1J ) If an external force exists: 


pp“ 


Path Field line 


Electric Potential 


KAU = q AV dL, - V). 


Equal work is done along 
these paths between the 
same surfaces. 


No work is done along 
this path on an 
Keessier su 


E 


No work is done along this path 
that returns to the same surface. 
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E- dF = E ds cos 0 = E ds. 
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AV = —EAx (uniform field). 


e5 SSM An infinite nonconducting sheet has a surface charge 
density a = 0.10 wC/m? on one side. How far apart are equipoten- 
tial surfaces whose potentials differ by 50 V? a Se 6 
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e5 SSM An infinite nonconducting sheet has a surface charge 
density ø = 0.10 wC/m? on one side. How far apart are equipoten- 
tial surfaces whose potentials differ by 50 V? 


5. THINK The electric field produced by an infinite sheet of charge is normal to the 
sheet and is uniform. 


EXPRESS The magnitude of the electric field produced by the infinite sheet of charge is 
E = o/2& , where ois the surface charge density. Place the origin of a coordinate system 
at the sheet and take the x axis to be parallel to the field and positive in the direction of 
the field. Then the electric potential is 


V =V,- | E dx =V,- Ex, 
where V, is the potential at the sheet. The equipotential surfaces are surfaces of constant x; 


that is, they are planes that are parallel to the plane of charge. If two surfaces are 
separated by Ax then their potentials differ in magnitude by 


AV = EAx =(0/2g0)Ax. 


ANALYZE Thus, for c=0.10x10 C/ m? and AV =50 V, we have 


2(8.85x 10" C*/N-m*)(50 V 
x m fe ls MA IA M 


S TORONTO 


"eñ An infinite EE sheet has a surface charge density 
oc = +5.80 pC/m?. (a) How much work is done by the electric field 
due to the sheet if a particle of charge q = +1.60 X 10“? C is 
moved from the sheet to a point P at distance d = 3.56 cm from the 
sheet? (DV the electric potential V is defined to be „Zero on the 
sheet, what is V at P? 


ent 


ee9 An infinite nonconducting sheet has a surface charge density 
o = +5.80 pC/m?. (a) How much work is done by the electric field 
due to the sheet if a particle of charge g = +1.60 X 10“? C is 
moved from the sheet to a point P at distance d = 3.56 cm from the 
sheet? (b) If the electric potential V is defined to be zero on the 
sheet, what is V at P? 


9. (a) The work done by the electric field is 


qaad _ (1.6010 C)(5.80x10"* C/m*)(0.0356 m) 
26, 2(8.85x10" C*/N-m*) 


"-JUafée-SCl az= 
ga ` L i 28"? 
ma (V V) =1.87x10"7!J. =" 
-wW = (Y-¥,)©) Since 
: D D V, "ra? ~oz/2&, 


with Vo set to be zero on the sheet, the electric potential at P is 


-12 2 
yZ 680x10" C/m?)(0.0356 ml. 17102 V. 


26,  2(8.85x10? C?/N-m°) 


+16 @ Figure 24-37 shows a rec- | E | 
tangular array of charged particles ia d 4 0 Sealan- 
fixed in place, with distance a = 39.0 | 37 M | pana 
cm and the charges shown as intege o H. E 
multiples of(g; X 3.40 pC and q, = Q qı ali TZ 

4 PrO 


6.00 oC. With t infinitv. what © Figure 2 blem 16. M 
_ N 
is the net the 


rectangle’s center? (Hint: Thought- 
ful examination of the arrangement Se SE 

e co 
can reduce the calculation.) sei 


me cor? 
Va URL 4, 4 24, a = 0 
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°16 @ Figure 24-37 shows a rec- 
tangular array of charged particles 
fixed in place, with distance a = 39.0 
cm and the charges shown as integer 
multiples of g, = 3.40 pC and q, = 
6.00 DC. With V = O at infinitv. what 
is the net electric potential at the 
rectangle’s center? (Hint: Thought- 
ful examination of the arrangement 
can reduce the calculation. ) 
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Figure 24-37 Problem 16. 


16. In applying Eq. 24-27, we are assuming V > 0 as r > œ. All corner particles are 
equidistant from the center, and since their total charge is 


2qi— 3qi+ 2 qı- dU, 


then their contribution to Eq. 24-27 vanishes. The net potential is due, then, to the two 
+4q2 particles, each of which is a distance of a/2 from the center: 


1 4q 1 4q, _ 169, _16(8.99x10" N-m*/C*)(6.00x10"C) 


"Ang, al2 Ass, oli Aar 0.39 m 
=2.21 V. 


sei? @ In Fig. 24-38, what is the net 
electric potential at point P due to " "e 
the four particles if V = 0 at infinity, 
d = 5.00 fC, and d = 4.00 cm? Qu 


Figure 24-38 Problem 17. 


V, = Kg Kq, — ką 
d CR E Eas 2 
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++17 GB In Fig. 24-38, what is the net E Ba i 
electric potential at point P due to oe “ 
the four particles if V = 0 at infinity, 7 


q = 5.00 fC, and d = 4.00 cm? b 
+q 


Figure 24-38 Problem 17. 


17. A charge —Sq is a distance 2d from P, a charge —5q is a distance d from P, and two 
charges +5q are each a distance d from P, so the electric potential at P is 


q EE 4 ` (8.99x10? N-m’/C’)(5.00x10°°C) 
ATE, 87é,d 2(4.00x10 m) 
=5.62x10* V. 


The zero of the electric potential was taken to be at infinity. 


51 @ In the rectangle of Fig. 24- 
55, the sides have lengths 5.0 cm and 
15 cm, g, = —5.0 uC, and da = +2.0 
uC. With V = 0 at infinity, what is the 
electric potential at (a) corner A and 
(b) corner B? (c) How much work is 
required to move a charge da = +3.0 
uC from B to A along a diagonal of 
the rectangle? (d) Does this work in- 
crease or decrease the electric po- 
tential energy of the three-charge 
system? Is more, less, or the same 
work required if g3 is moved along a 


Figure 24-55 Problem 51. 


path that is (e) inside the rectangle but not on a diagonal and (f) 


outside the rectangle? 


°°51 GB In the rectangle of Fig. 24- 
55, the sides have lengths 5.0 cm and 
15 cm, g, = —5.0 uC, and 4; = +2.0 
uC. With V = 0 at infinity, what is the 
electric potential at (a) corner A and 
(b) corner B? (c) How much work is 
required to move a charge da = +3.0 
uC from B to A along a diagonal of 
the rectangle? (d) Does this work in- 
crease or decrease the electric po- 
tential energy of the three-charge 
system? Is more, less, or the same 
work required if q is moved along a 


path that is (e) inside the rectangle but not on a diagonal and (f) 


outside the rectangle? 
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Figure 24-55 Problem 51. 


51. (a) Let €=0.15m be the length of the rectangle and w = 0.050 m be its width. Charge 


qı isa distance / from point A and charge q2 is a distance w, so the electric potential at A 
is 


y -=| Lamaen ee" 
0.15m 0.050 m 


=5.0x10°C , 2.0x10°C 
“Ane, w 


= 6.0x10'°V. 


(b) Charge g; is a distance w from point b and charge q2 is a distance /, so the electric 
potential at B is 


V. = Ki 


= -6 -6 
_ 4 |- (899x10'Nem C 5.0x10 C , 2.0x10 C 
4ne,\w £ 


0.050 m 0.15m 
=-7.8x10°V. 


°°51 GB In the rectangle of Fig. 24- 


55, the sides have lengths 5.0 cm and (c) Since the kinetic energy is zero at the beginning and end of the trip, the work done by 
15 cm, 4, = —5.0 uC, and 4; = +2.0 an external agent eguals the change in the potential energy of the system. The potential 
uC. With V = 0 at infinity, what is the energy is the product of the charge q3 and the electric potential. If U4 is the potential 
electric potential at (a) corner A and energy when q3 is at A and Up is the potential energy when q3 is at B, then the work done 
(b) corner B? (c) How much work is „„ in moving the charge from B to A is 

required to move a charge g; = +3.0 Q m la 

uC from B to A along a diagonal of | | W = U4 Us = q3(V4 — Vs) = (3.0 x 10% C)(6.0 x 10° V +7.8 x 10° V) =2.5 J. 

the rectangle? (d) Does this work in- | 

crease or decrease the electric po- B` @,, (d) The work done by the external agent is positive, so the energy of the three-charge 


tential energy of the three-charge system increases. 


system? Is more, less, or the same Figure 24-55 Problem 51. 
work required if q is moved along a 

path that is (e) inside the rectangle but not on a diagonal and (f) 
outside the rectangle? 


(e) and (f) The electrostatic force is conservative, so the work is the same no matter 
which path is used. 
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